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The viscous-flow sintering of different agglomerate particle morphologies is studied by three-dimensional
computer simulations based on the concept of fractional volume of fluid. For a fundamental understanding of
particle sintering characteristics, the neck growth kinetics in agglomerate chains and in doublets consisting of
differently sized primary particles is investigated. Results show that different sintering contacts in agglomerates
even during the first stages are not completely independent from each other, even though differences are small.
The neck growth kinetics of differently sized primary particles is determined by the smaller one up to a size
difference by a factor of approximately 2, whereas for larger size differences, the kinetics becomes faster. In
particular, the agglomerate sintering kinetics is investigated for particle chains of different lengths and for
different particle morphologies each having ten primary particles and nine initial sintering contacts. For ag-
glomerate chains, the kinetics approximately can be normalized by using the radius of the fully coalesced
sphere. In general, different agglomerate morphologies show equal kinetics during the first sintering stages,
whereas during advanced stages, compact morphologies show significantly faster sintering progress than more
open morphologies. Hence, the overall kinetics cannot be described by simply using constant morphology
correction factors such as fractal dimension or mean coordination number which are used in common sintering
models. However, for the first stages of viscous-flow agglomerate sintering, which are the most important for
many particle processes, a sintering equation is presented. Although we use agglomerates consisting of spheri-
cal primary particles, our methodology can be applied to other aggregate geometries as well.
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I. INTRODUCTION

Surface-tension-driven sintering and coalescence of par-
ticle agglomerates and aggregates, respectively, are impor-
tant in various fields such as aerosol processing of materials
�1,2�, rapid prototyping �3,4�, emulsification �5�, spray pro-
cessing �6�, atmospheric aerosol growth �7�, green body sin-
tering in materials engineering �8,9�, sintering of hollow
bodies including photonic fibers �10�, and subcellular biol-
ogy �11�. The fundamental physical mechanisms determining
the sintering process itself are volume, surface and grain-
boundary diffusion, evaporation and recondensation, and, as
subject of this paper, viscous flow. For amorphous and vitre-
ous materials, such as polymers �e.g., PMMA, HDPE,
LDPE� and glasses �e.g., silica and mixed glasses� above
glass transition temperature, viscous flow is supposed to be
the predominant sintering mechanism �12,13�. The driving
force for the process is the surface tension aiming to mini-
mize the aggregate surface area.

The fundamental unit of agglomerate sintering in three
dimensions �3D� is the sintering of two spheres and in two
dimensions, the sintering of infinite cylinders. A first phe-
nomenological model for the first stages of viscous-flow sin-
tering of two spheres was initiated by Frenkel and Eshelby
by equating the work of surface tension and the work of
dissipation of mechanical energy due to viscous flow �14,15�.
Hopper obtained an analytical exact expression for cylinders

using complex variable theory for biharmonic functions
�16,17�. Furthermore, various numerical approaches in two
�18–21� and three �22–25� dimensions such as boundary el-
ement, finite element, and boundary integral methods have
been reported dealing with the sintering of cylinders and
doublets.

So far, some of the numerical methods mentioned above
also have been used to study the sintering process of more
than two primary particles. Martinez-Herrera and Derby in-
vestigated the sintering of axisymmetric particle configura-
tions with up to three primary particles by a finite element
method �26�. Comparing the sintering of doublets and three
particle linear chains, they found that the overall relative
shrinkage during the very first stages is nearly identical and
for later stages that the three particle chains sinter at higher
rates than the doublet. Zhou and Derby studied the sintering
of three particles arranged by an angle of 90° �27� and ar-
ranged in a closed ring �28� also using a finite element
method. They, for example, observed anisotropic shrinkage
along different axes and inward rotation of the outer par-
ticles. Wakai et al. �29� conducted simulations of ideal sin-
tering using Brakke’s surface evolver program �30� and
found out anisotropic shrinkage behavior during the sintering
of four spheres arranged in a rhombus for different angles
between the initial spheres. The reason for this behavior is
that due to the different angles an additional particle contact
arises at different times. Molecular dynamics simulations of
linear particle chains �31� and L- and T-types �32�, respec-
tively, of Si nanoparticles resulting in a phenomenological
model for these particle structures were conducted by Hawa
and Zachariah.*Author to whom correspondence should be addressed.
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Koch and Friedlander introduced a constant rate law for
the excess surface area decay �33�. Mathematically strict, the
exponential model only is valid for the final sintering stages
as shown by Friedlander and Wu �34�. In order to use the
linear rate model also for larger aggregate structures, respec-
tively, some extensions have been discussed. Johannessen et
al. �35� introduced a model variant assuming the sintering
rate of an agglomerate to be proportional to the number of
primary particle contacts. Ulrich and Subramanian �36� de-
veloped a model, which later on has been refined by Le-
htinen et al. �37�, separating an aggregate into several units
of primary particles and applying the linear rate law for each
of these separated units. The number of primary particles in
these units directly is correlated with the mean coordination
number. However, Schmid et al. showed by computer simu-
lations for gas-borne aggregates that unrealistic coordination
numbers would have to be used to fit the described extension
of the linear rate law to the simulation results �38,39�.

The present work investigates morphological effects dur-
ing viscous-flow sintering for completely different agglom-
erate particle structures. Our method is characterized by free
modeling of the interface, adequate resolution of the surface
curvature, and accurate surface area determination even for
complex aggregate structures without any additional geo-
metrical assumptions or ad hoc assumptions for the interface
shape evolution. Examples for the relevance of sintering pro-
cesses for structural evolution of particle aggregates during
gas phase sintering are given in Refs. �39–41�.

II. NUMERICAL METHODS

The viscous-flow sintering process is simulated solving
the Navier-Stokes equations including free-surface move-
ment by a fractional volume of fluid method �42�. The con-
tinuity and the momentum equations are used in the form
�� /�t+���u�=0 and �u /�t+ �u��u=F−1 /��p+� /��u,
with the velocity vector u, the pressure p, the density �, the
dynamic viscosity �, and the surface tension force F acting
on a volume element. Considering isothermal flow, the en-
ergy equations can be neglected.

The particle surface is tracked by simultaneously solving
a differential equation for the so-called volume fraction � in
each control volume surrounding each node of the grid. The
volume fraction is defined by a function whose value is unity
at nodes that are completely occupied by the particle phase
and zero at nodes that are completely occupied by the gas
phase. The particle interface is located where the volume
fraction equals �=0.5. In order to overcome the problems
arising from a step function of the volume fraction � at the
particle interface, the interface is modeled by using the free
continuous surface-tension model introduced by Brackbill et
al. resulting in a continuous transition of the volume fraction
function from unity to zero in the interface region �43�. De-
pending on the flow velocity and computational characteris-
tics, the transition region consists of up to several mesh
sizes. The model’s strength is that the need for interface re-
construction is eliminated without imposing any restrictions
to the complexity or dynamic evolution of the interface.
Hence, as a major aspect of this work, the evolution of the

interface can be computed without using any assumption for
the interface shape during the process.

The spatial discretization for the transient simulations is
achieved by using an unstructured computational grid with
tetrahedral mesh elements. Using a structured hexahedral
mesh gives worse residual evolution in our case. Due to the
overall curvature of the particle interface there are always
mesh element faces forming small angles with the particle
interface. The advantage of the tetrahedral mesh is that these
elements are distributed over the particle interface whereas
for the hexahedral mesh, there are complete regions having
this restriction.

For a single sintering contact, i.e., a particle doublet, a
careful mesh validation procedure was conducted decreasing
mesh size that far that the simulation results do not change
anymore. As a result, the validated mesh resolution is given
by means of a mesh size density being some 250 000 ele-
ments per primary particle in our case. This mesh size den-
sity is applied for all particle morphologies. The time step
undergoes a similar procedure for all morphologies.

The validated results for doublets are shown in Fig. 1 and
are compared to experimental sintering data for polymers
and glasses by means of the evolution of the relative sinter-
ing neck size R /a0. The sintering time is given in dimension-
less representation by t� / ��a0�, with the surface tension �,
the dynamic viscosity �, and the initial primary particle ra-
dius a0. The simulations are in good agreement with the
experimental kinetics results. Furthermore, our results have
been compared to other numerical approaches �see Refs.
�21–24��. These vary within approximately 30% depending
on mesh resolution and sintering stage and our simulations
agree within this range.

The present simulations are focused on the sintering of
solid particles and therefore high viscosity ratios of disperse
to continuous phase and small ratios of surface tension to
dynamic viscosity are applied. However, the results can be
adapted to droplets and bubbles as far as highly dynamic
effects such as droplet splashing caused by high collision
velocities are excluded. The methodology can be further ap-
plied to other geometries including fiber drawing, rapid pro-
totyping, and solid free-form fabrication methods.
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FIG. 1. Validation of the sintering system single sintering con-
tacts. Evolution of the sintering neck size R /a0 for doublets, first for
the validated volume of fluid method and second for experimental
data for different polymers and mixed glass �70% SiO2�.
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III. RESULTS AND DISCUSSION

This section is divided into four parts. Parts 1 and 2 deal
with fundamental aspects of agglomerate sintering, namely,
the mutual influence of different sintering contacts within
agglomerates during neck growth and the sintering of differ-
ently sized primary particles. Third, morphology evolution
during the sintering process of agglomerates is investigated.
Fourth and final, a simple geometrical model is presented to
discuss the influence of van der Waals interactions on the
detected morphology effects. These interactions are supposed
to play a major role in nanoparticle sintering.

A. Different sintering contacts in agglomerates

A major aspect of neck formation in agglomerates during
the first sintering stages is whether or not single sintering
contacts are independent from each other. Figure 2 shows the
evolution of the sintering neck size R /a0 of the central neck
in agglomerate chains of different length, i.e., different num-
ber N of primary particles. The simulation results reveal that
the evolution of the central neck even during the first stages
�R /a0�1� is not completely independent from N. The sin-
tering neck of the doublet �N=2� in maximum shows a 6%
faster sintering kinetics than agglomerate chains with N�4.
However, the kinetics nearly are identical for N=4 and
N=6.

These differences may be explained in the following
way. The particle material that flows into a specific sintering
neck originates from the adjacent primary particles. For the
doublet, each primary particle only has to “supply” one sin-
tering neck. In contrary, for N�4, the primary particle ad-
joining the central sintering neck additionally have to “sup-
ply” another sintering neck with particle material resulting
for N�4 in a slightly slower sintering kinetics than for the
doublet. Comparing to that, the difference of the kinetics
between N=4 and N=6 is negligible. Hence, the results re-
veal that the neck growth kinetics during the first stages
slightly depends on the coordination number of the adjacent
primary particles. Further investigations described below
will show that there is no such obvious difference for the
evolution of the agglomerate total surface area.

B. Neck formation between differently sized primary particles

In particle dynamics, the collision kernel of differently
sized particles increases with increasing particle size differ-
ence and sintering contacts formed in coagulation processes
most often consist of differently sized primary particles.
Hence, the neck formation process of differently sized pri-
mary particles is investigated.

In order to take further use of the three symmetry planes
applied for our former simulations on doublet sintering �25�,
linear chains of four primary particles with two large primary
particles in the middle and two small primary particles aside
of them are modeled and the sintering neck between the pri-
mary particles of different size is evaluated. Figure 3 shows
the neck growth kinetics R /a0,1 for different primary particle
radius quotients a0,2 /a0,1 with a0,1 always representing the
smaller of the two primary particle radii. The neck growth
kinetics for R /a0,1�0.7 keeps in a range of �5% for pri-
mary particle radius quotients a0,2 /a0,1	2. Only for
a0,2 /a0,1=3, the time to reach R /a0,1=0.7 is faster by 30%.
The reason for this behavior is supposed to be the unsym-
metrical increase of the interface curvature on the side of the
larger primary particle because with rising a0,2 /a0,1, the sin-
tering contact gets closer to the plane-sphere system. Hence,
the viscous-flow sintering or maybe the sintering process in
general is dominated by the smaller primary particle up to
primary particle size differences by a factor of 2.

C. Effect of agglomerate morphology

1. Linear chains of different length

Linear agglomerate chains always consist of two primary
particles at the ends each adjoining one sintering contact and
several primary particles in the middle each adjoining two
sintering contacts. Hence, the mean coordination number NK
of the N primary particles is 2−2 /N. Therefore, NK equals
twice the quotient of the number of sintering contacts and the
number of primary particles �N−1� /N asymptotically reach-
ing a value of NK=2 for N→
.

Figure 4 shows the sintering kinetics of agglomerate
chains with N	10 using four different normalizations of the
sintering time in order to determine any possible character-
istic correlation of the kinetics and the length of the agglom-
erate chains. All kinds of normalization show that for both
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FIG. 2. Evolution of R /a0 of the central neck within linear ag-
glomerate chains of different lengths. For N=2, the neck size evo-
lution differs slightly from the other two during the first stages,
whereas for N=4 and N=6, the neck growth kinetics is nearly
identical.
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be completely dominated by the smaller primary particle.

THREE-DIMENSIONAL SIMULATION OF VISCOUS-FLOW… PHYSICAL REVIEW E 80, 026319 �2009�

026319-3



doublets and larger agglomerates, the sintering rate is con-
stant during the first stages. Hence, the overall sintering pro-
cess of agglomerates only insufficiently can be described by
an exponential function as used in the linear rate model by
Koch and Friedlander �33�. Figure 4�a� depicts the evolution
of the surface area by S /S0, with the surface area S and the
initial surface area S0, as a function of the dimensionless
sintering time t� / ��a0�. In addition to the numerical method
described in Sec. II, a cross sectional integral method has
been developed to accurately determine the surface area evo-
lution.

The sintering rate is constant but different for each N
during the first stages using this kind of surface representa-
tion. During the final stages, each surface evolution with
monotonic decrease of the sintering rate asymptotically
reaches its final value of 1 /N1/3. In contrary, additionally
applying NK for the dimensionless sintering time as shown in
Fig. 4�b�, the sintering kinetics for all N is equal during the
first stages.

In Fig. 4�c�, the surface area evolution in reduced repre-
sentation �S−Sf� / �S0−Sf� with the surface of the fully coa-
lesced sphere Sf is plotted against a dimensionless sintering
time using the radius of the fully coalesced sphere af instead
of the initial primary particle radius a0. For both Frenkel’s
�14,15� sintering law for the first stages and Koch and Fried-
lander’s linear rate law, af is applied to determine the char-
acteristic sintering time. Again, using this normalization of
the sintering time, equal surface area evolution during the
first stages is observed, although mathematically the linear

rate law only has been proven for the final stages �34�. In-
stead, especially for sintering stages �S−Sf� / �S0−Sf��0.5,
significant differences of the kinetics occur for different N
reaching 35% in maximum �horizontally viewed in Fig. 4�c�
for fixed �S−Sf� / �S0−Sf��. Note that the kinetics following
the linear rate law of Koch and Friedlander would not show
any difference of the kinetics if using a normalization of the
sintering time by af as done in Fig. 4�c�.

Using the normalizations in Figs. 4�b� and 4�c�, the sur-
face area evolution is independent from N during the first
stages. Hence, the small dependency of the sintering neck
growth kinetics on the coordination number as described in
Sec. III A is too small to significantly affect the surface area
evolution. Note that during the first stages, the evolution of
the single sintering necks in the agglomerates cannot be de-
termined from �S−Sf� / �S0−Sf� without N �see section be-
low�. Hence, the radius of the fully coalesced sphere has
great influence on the first sintering stages although the
single sintering necks are independent from each other con-
cerning the surface area evolution.

In Fig. 4�d�, a normalization for the simulation results is
used basing on a phenomenological model for fractal ag-
glomerates introduced by Hawa and Zachariah �31,32�. Con-
ducting molecular-dynamics simulations for silicon resulted
in the expression t= tFrenkel�N−1�0.68Df for the characteristic
sintering time, with the fractal dimension Df and the charac-
teristic sintering time for doublets initiated by Frenkel. How-
ever, Hawa and Zachariah used a0 instead of af for the de-
termination of tFrenkel as done by Frenkel himself.
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FIG. 4. Sintering kinetics of linear chains of different length N, depicted in different representations of the surface area evolution and of
the dimensionless sintering time to determine general correlations �a�–�d�. In �a� and �c�, some sintering stages are shown for
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As shown in Fig. 4�d�, the sintering kinetics significantly
shifts to shorter t� / �N−1�0.68 �a0 �note that Df =1 for ag-
glomerate chains� with increasing N. Hence, the model of
Hawa and Zachariah for N	10 does not seem to be appro-
priate for a characteristic correlation between N and the sin-
tering kinetics. However, it might be possible that the sinter-
ing curves fall together for sufficiently large N.

In Figs. 4�a� and 4�c�, additionally the interface shape is
shown for N=3 and N=10 each for two sintering stages in
order to give an impression for the appearance at the specific
stages. The complete shape evolution of the agglomerate
chains is shown in Fig. 5. The shape evolution for the dou-
blet can be found in Ref. �25�. In agreement with the discus-
sion in Sec. III A, during the first stages, different sintering
contacts can be considered to be independent from each
other concerning the evolution of the surface area. Note that
during the first stages, the correlation between surface area in
reduced representation �S−Sf� / �S0−Sf� and sintering neck
size R /a0 of a single sintering contact changes with changing
N, i.e., for N�2, the surface area state �S−Sf� / �S0−Sf�
=0.5 is not correlated with R /a0=0.7 as for doublets but the
single sintering necks already have proceeded further �see
Fig. 4�c��.

For the linear chain with N=10, a special aspect concern-
ing the shape evolution can be observed. After the end of the
neck growth for sintering stages between t� / ��a0�=2.72 and
t� / ��a0�=4.52 at the ends of the chain, a small thickening of
the particle shape occurs. The cylindrical shape having two
semispherical ends only can be seen starting at t� / ��a0�
=6.03 before the shape develops versus the fully coalesced
sphere. For N=8, this behavior only slightly is visible and
for N�8, this behavior cannot be observed at all. In agree-
ment with the results of Hawa and Zachariah �31,32�, we
conclude that such a shape thickening at the ends of agglom-
erate chains increases with increasing primary particle num-
ber N.

To sum up, the sintering kinetics of differently sized ag-
glomerate chains cannot be normalized by a dimensionless
sintering time. However, for N	10, the normalization of the
sintering time by the radius of the fully coalesced sphere af

shows the best fitting. For the first stages, a general agglom-
erate sintering equation is presented below.

2. Different morphologies with constant N

In order to investigate the morphology effect separated
from the effect of differing N of primary particles, sintering
simulations for five different agglomerate morphologies are
presented each having equal primary particle number N=10
and each having equal initial number of sintering contacts.
Consequently, for the radius of the fully coalesced sphere af
and the mean coordination number NK,

af = �3 10a0 and NK = 1.8 �1�

are valid for all these agglomerate morphologies. Hence, the
different morphologies are characterized by the different co-
ordination number distributions.

In Fig. 6, the shape evolution during the overall sintering
process of the different morphologies is shown. The agglom-
erates comprise the following morphologies with radius of
gyration RG:

�a� Linear chain, RG=18.3a0,
�b� “Bone” structure, RG=15.8a0,
�c� “H” structure, RG=11.3a0,
�d� “X” structure, RG=11.1a0,
�e� “3D dumbbell” structure, RG=7.7a0.
All the initial structures have been selected so that no

additional sintering contacts arise during the sintering pro-
cess. Similar as for agglomerate chains, the overall evolution
of the single sintering necks is uniform and independent
from each other. However, after the end of neck growth
stages large differences occur. For the densest �i.e., smallest
RG� morphology, the 3D dumbbell structure, full coalescence
nearly is reached for a dimensionless sintering time of
t� / ��a0�=9.05 against which for more open morphologies
such as the linear chain and the “bone” structure, still a clear
oval shape can be observed. Note that the sintering rate as-
ymptotically reaches zero and therefore these differences
during the finals stages are correlated with significant differ-
ences of the sintering kinetics.
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In Fig. 7, the sintering kinetics by means of the surface
area evolution of the different agglomerate morphologies is
shown. Due to the fact that N, a0, af, and NK are equal for all
morphologies, the above-discussed relative differences of the
kinetics can be seen in every representation of the dimen-
sionless sintering time. Hence, in Fig. 7, the results simply
are shown as a function of t� / ��af�. During the first stages,
equal kinetics can be observed for all morphologies, again
showing the quasi-independence of the single sintering con-
tacts by means of the surface area evolution.

In contrary, during advanced stages for �S−Sf� / �S0−Sf�
�0.5, large differences occur. The H and the X structures
show faster sintering progress than the linear chain whereas
the kinetics of the bone structure only slightly differs from
the latter one. The fastest kinetics is observed for the 3D
Dumbbell structure showing a difference of sintering time �to

reach equal �S−Sf� / �S0−Sf�� in maximum by a factor of 1.6.
During the sintering progress, the relative kinetics of the H
and X structures reverses. At the beginning, the X structure
shows a slower kinetics than the H structure before the order
changes for t� / ��af��1.9. Hence, a direct correlation be-
tween the different sintering kinetics and the different coor-
dination number distributions of the primary particles within
the agglomerates cannot be observed. For example, the bone
structure and the X structure have equal numbers of coordi-
nation numbers, i.e., 4 times NK=1, 4 times NK=2, and 2
times NK=3, but show very different sintering kinetics. Con-
sequently, the absolute number of contacts and the spatial
distribution of the specific coordination numbers play a ma-
jor role.

Concluding, the sintering kinetics of different agglomer-
ate morphologies having equal number of primary particles
and initial sintering contacts is equal during the first sintering
stages but differs significantly for advanced sintering stages
with �S−Sf� / �S0−Sf��0.5. A simple normalization by using
constant form factors as suggested by Hawa and Zachariah
with the fractal dimension is not appropriate, at least for the
agglomerate sizes discussed in this paper. However, the
present results clearly show that during advanced sintering
stages, denser agglomerate morphologies have a faster sin-
tering kinetics than more open morphologies.

D. Agglomerate sintering equation

Summing up the simulation results described in Sec.
III C, the viscous-flow sintering kinetics of agglomerates and
aggregates, respectively, during the first stages can be ex-
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FIG. 6. Shape evolution of different agglomerate morphologies all being characterized by N=10 and NK=1.8. Structures shown are �a�
linear chain, �b� bone structure, �c� H structure, �d� X structure, and �e� 3D-dumbbell structure. For the dimensionless sintering times shown
on the left, a0 is used; on the right, af is used.
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FIG. 7. Evolution of the surface area �S−Sf� / �S0−Sf� for differ-
ent agglomerate morphologies with N=10 and NK=1.8.
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pressed by the following sintering equations representing a
constant sintering rate during the first stages:

d�S/S0�
dt

= − k0
NK�

�a0
, �1a�

k0 = 0.11, �2�

or alternatively

d��S − Sf�/�S0 − Sf��
dt

= − kf
�

�af
, �3�

kf = 0.67, �4�

with the empirical constants k0 and kf, respectively. The sin-
tering equations are shown in Figs. 4�b� and 4�c�, respec-
tively, and in Fig. 7. Note that the value of S /S0 used in
Eq. �1a� for the fully coalesced sphere depends on N, as
does the value for the end of the first stages, e.g., Sf /S0
=0.794 for N=2 and Sf /S0=0.500 for N=8. Nevertheless,
the sintering rate d�S /S0� /dt can be expressed for all N as
−k0 NK � / ��a0�.

Equation �1a� is valid for all N because it is proven by
the present work that the mutual influence between different
sintering contacts is negligible concerning the surface area
evolution and the correlation between the number of primary
particles N and the number of sintering contacts is repre-
sented mathematically correct by NK. The alternative sinter-
ing equation given in Eq. �3� is supposed to be valid for all N
and here it is proven for at least N	10.

E. Nanoparticle agglomerate sintering

Nanoparticles are of major importance in many fields in-
cluding particle technology due to their extraordinary prod-
uct properties �1�. For vitreous materials, the predominant
sintering mechanism is supposed to be viscous flow, which is
confirmed by experimental sintering studies for particles in
the micrometer and millimeter regimes �44–46� and by com-
paring these experiments to our simulations for doublets �see
Fig. 1�. However, some of our current experimental work on
nanoparticle sintering of silica show much shorter character-
istic time scales than for macroscopic sintering. Hence, ab-
solute sintering times for agglomerates will differ from the
results of this paper. However, the question to be answered
here is whether or not the present results for the morphologi-
cal effects, i.e., different sintering behavior during advanced
stages despite the equal sintering behavior during the first
stages, also are valid for the nanometer-size regime. For
nanoparticles, microscopic forces such as van der Waals in-
teractions between the primary particles have to be consid-
ered during the first sintering stages. Computer simulations
on nanoparticle sintering will be presented in a forthcoming
publication. Van der Waals forces are known to be strong
enough even to induce particle flattening of stiff materials
without sintering, e.g., see JKR and DMT models �47,48�.

Van der Waals interactions, in principle, do not only act
between contacting but also between noncontacting primary
particles. Hence, there might be an influence of noncontact-

ing primary particles on the sintering of contacting primary
particles. These aspects are discussed using the geometrical
model shown by the inlet in Fig. 8. The van der Waals force
between the noncontacting particles 1 and 3 is compared to
the van der Waals force between particles 1 and 2 having the
sintering contact. Following Hamaker, the interaction poten-
tial Vatt between two equally sized spheres at surface dis-
tance d is �49�

Vatt�d� = −
H

6
� 2a0

2

�d + 2a0�2 − 4a0
2 +

2a0
2

�d + 2a0�2

+ ln�1 −
4a0

2

�d + 2a0�2	
 , �5�

with the Hamaker constant H. Consequently, the attractive
force Fatt is

Fatt�d� = −
dVatt�d�

dd
=

32a0
6H

3�2a0 + d�3�4a0 + d�2d2 . �6�

The surface distance d between particles 1 and 3 is a function
of the primary particle radius a0 and the contact distance dc
between the particles and results in d=�2�2a0+dc�−2a0. The
attractive force Fatt,1-2 between the two contacting particles 1
and 2 is compared to the attractive van der Waals force
Fatt,1-3 between particles 1 and 3. Hence, the ratio of the two
forces equals

Fatt,1-3

Fatt,1-2
=

dc
2�4a0 + dc�2

8�2�2a0
2 + 4a0dc + dc

2�2
, �7�

only depending on the primary particle radius a0 and the
contact distance dc. Figure 8 shows the force ratio
Fatt,1-3 /Fatt,1-2 as a function of a0 and dc. The contact distance
between flat spheres commonly is set to 0.4 nm �50�, but to
show its influence, the force ratio is plotted for different
contact distances, i.e., 0.3, 0.4, and 0.5 nm, respectively.

For a0�1.3, 1.7, and 2.1 nm, respectively, Fatt,1-3 /Fatt,1-2
is less than 1%, indicating that van der Waals interactions of
particle 3 on the sintering between particles 1 and 2 are neg-
ligible. Thus, for a0�2 nm, van der Waals interactions as
additional driving forces for the sintering process are limited
to single sintering contacts. The given approximation may be
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FIG. 8. Van der Waals force ratio Fatt,1-3 /Fatt,1-2 between con-
tacting and noncontacting primary particles depending on the pri-
mary particle radius a0, shown for different assumptions for the
contact distance dc. Inset: Geometrical model for the calculation.
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considered as conservative because typical agglomerate
structures, e.g., formed in gas phase production processes,
have mean coordination numbers slightly larger than 2,
meaning that the angle between three primary particles usu-
ally is significantly larger than 90° and consequently van der
Waals interactions between noncontacting primary particles
are even smaller. However, it should be mentioned that the
macroscopic simulation approach of this work only is valid
as far as nanoparticles may be considered to form a con-
tinuum solid. To sum up, the morphological effects presented
here are also valid for the nanometer-size regime, although
the absolute sintering times for nanoparticles are supposed to
differ due to van der Waals interactions.

IV. SUMMARY AND CONCLUSIONS

The viscous-flow agglomerate sintering process is studied
by three-dimensional computer simulations based on the
concept of fractional volume of fluid. Preliminary two fun-
damental aspects of sintering are investigated. First result is
that different sintering necks are not completely independent
from each other even during the first sintering stages, i.e.,
during neck formation. It is supposed that the kinetics of a
specific neck depends on whether or not the adjoining pri-
mary particles additionally have to supply other sintering
necks with particle material, i.e., there is a dependency on
the coordination number. However, the differences of the
neck growth kinetics are small and the differences concern-
ing the most important sintering measurement, the surface
area evolution, are negligible. Second, the neck formation
kinetics of differently sized particles is investigated showing
that up to a size difference by a factor of approximately 2,

the sintering neck formation is completely dominated by the
smaller primary particle.

The influence of morphology on the kinetics is studied
simulating the sintering of, first, agglomerate chains of dif-
ferent lengths and, second, different agglomerate structures
each having equal number of primary particles and initial
sintering contacts. It turns out that the overall kinetics cannot
be normalized by a dimensionless sintering time. However,
for the first stages, a sintering equation can be presented
because the different sintering contacts are nearly indepen-
dent from each other. The first stages are characterized by a
constant sintering rate of the surface area reduction.

Especially, the sintering of different morphologies all hav-
ing ten primary particles shows that the overall kinetics of
the process cannot be described by using constant form fac-
tors such as the fractal dimension or the mean coordination
number. During the first stages, the surface area reduction is
equal for all morphologies, whereas during advanced stages,
large differences occur. During these advanced stages, in
principal, dense particle morphologies show faster sintering
kinetics than more open structures.

The absolute sintering times achieved by the present mac-
roscopic approach are supposed to be valid for primary par-
ticle sizes larger than some hundred nanometers. For ul-
trafine particles, van der Waals interactions between primary
particles have major influence on sintering. Thus, a simple
geometrical model is presented to study the influence of van
der Waals interactions between contacting and noncontacting
primary particles. For primary particle radii larger than ap-
proximately 2 nm, van der Waals interactions between non-
contacting primary particles turn out to be negligible. Hence,
the morphological effects determined in this paper also can
be assigned to the nanometer-size range.
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